In this paper, we are concerned with the fractional sub-diffusion equation with a non-linear source term. The Legendre spectral collocation method is introduced together with the operational matrix of fractional derivatives (described in the Caputo sense) to solve the fractional sub-diffusion equation with a non-linear source term. The main characteristic behind this approach is that it reduces
Introduction
In recent decades fractional differential equations (FDE -differential equations with non-integer arbitrary order) have gained much attention for their many applications in engineering and physics [1] [2] [3] [4] [5] [6] [7] . Finding numerical methods to solve FDE has become the focus of many researchers study, for instance, spectral tau method [8] , spectral collocation method [9] , wavelet operational method [10, 11] , Haar wavelet method [12] , reproducing kernel function [13] , spline collocation method [14] , and other numerical methods [15] [16] [17] [18] [19] [20] [21] [22] .
Over the last four decades, spectral methods [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] have been developed rapidly. They have a good reputation compared with others numerical tools due to their widely applications in many fields. Besides, spectral methods have high accuracy; they also have exponential rates of convergence. Recently, the classical spectral methods have been developed to obtain accurate solutions for linear and non-linear FDE, for instance, [33] . Spectral methods with the help of operational matrices of fractional derivatives have been considered for solving FDE [33, 34] . This is not all, spectral methods have been used also for the fractional integro-differential equations [35, 36] and for the partial FDE [37, 38] .
-------------- 
with boundary conditions:
and initial condition: 
is the gamma function.
In [39] , Liu et al. introduced a conditionally stable difference method to solve the fractional sub-diffusion equation (FSDE) with a non-linear source term (1)-(3). Recently, Mohebbi et al. [40] proposed a high order difference scheme for a solution of (1)-(3). Moreover, Bhrawy et al. [41] proposed a new tau spectral method based on Jacobi operational matrix for solving time fractional diffusion-wave equations. More recently, Bhrawy and Zaky [42] proposed a Jacobi tau approximation for solving multi-term time-space fractional partial differential equations.
On the other hand, Abbaszade and Mohebbi [43] applied the forth-order difference scheme for the numerical solution of the fractional reaction sub-diffusion equation (FRSDE) with a non-linear source term:
and initial condition:
where 0 1 γ < ≤ and the symbol 1 1 / t γ γ − − ∂ ∂ is defined as:
In this work, we develop two efficient algorithms to solve spectrally the FSDE with a non-linear source term (1)-(3) and the FRSDE with a non-linear source term (4)- (6) . These algorithms are based basically on a new Legendre spectral collocation method (LSCM) combined with the fractional derivatives operational matrices of shifted Legendre polynomials. For confirming the validity and accuracy of the proposed spectral schemes, we present three numerical examples combined with comparisons with other methods. Moreover, the present method is more accurate than compact finite difference scheme [40] , finite difference method [44] and forth-order compact finite difference scheme [43] .
This article is organized as follow. In next section, we introduce some properties of Legendre polynomials and state the operational matrix of fractional derivatives. In section Legendre spectral collocation method, the operational matrix of fractional derivatives is used with the help of the LSCM to introduce an approximate solution for the FSDE with a nonlinear source term and the FRSDE with a non-linear source term. The section Numerical examples contains three numerical examples combined with comparisons between our results and those obtained by other methods are introduced. And the final section are the Conclusions.
Shifted Legendre polynomials
Assuming that the Legendre polynomial of degree j is denoted by P j (z), defined on the interval (-1, 1). Then P j (z) may be generated by the recurrence equation:
Introducing z = 2x -1, Legendre polynomials are defined on the interval (0, 1) that may be called shifted Legendre polynomials ( ) j P x * that generated using the recurrence equation:
The orthogonality relation is:
The explicit analytical form of shifted Legendre polynomial ( ) j P x * of degree j may be written as: and this in turn, enables one to get: ∑ from which the coefficients a j are given by:
If we approximate y(x) by the first (n + 1)-terms, then we can write:
which alternatively may be written in the matrix form:
Similarly, let y(x, t) be an infinitely differentiable function defined on 0 < 1 x ≤ and 0 < 1. t ≤ Then it is possible to express as: 
Theorem. The Caputo fractional derivative of order γ of the shifted Legendre polynomial vector ( ) m t ∆ is given by [34] :
where D γ is the ( 1) ( 1) m m + × + operational matrix of fractional derivative of order γ defined by:
Legendre spectral collocation method
In this section, the Legendre operational matrix of fractional derivatives is applied with the help of Legendre collocation-spectral method to solve the FSDE with a non-linear source term (1)-(3) and the FRSDE with a non-linear source term (4)-(6).
Fractional sub-diffusion equation with a non-linear source term
From eq. (1) and making use of the initial condition (3), easily we can rewrite problem (1)-(3) as in the form:
with boundary conditions (2). Now, we approximate ( , ) y x t by the shifted Legendre polynomials as:
where Y is an unknown coefficients ( 1) ( 1) m n + × + matrix. Using eqs. (15) and (17), we can write:
By substituting (17) and (18) in eq. (16), we get:
We collocate eq. (19) at ( 1) ( 1) m n + × − points, as:
where , = 0, 1, , 
This generate ( 1) ( 1) m n + × + non-linear algebraic equations which can be solved using Newton's iterative method. Consequently , ( , ) m n y x t given in (13) can be calculated.
Fractional reaction sub-diffusion equation with a non-linear source term
Similarly, as in the previous section, (4) may be written in the form:
with boundary conditions (5). After approximating ( , ) y x t by the shifted Legendre polynomials, as in eq. (17) and making use (15), we can write:
By substituting eqs. (17), (18) , and (23) in eq. (22) we get:
Similarly, as in the previous section, a system of ( 1) ( 1) m n + × − non-linear algebraic equations in the unknown expansion coefficients, , = 0, 1, , ; = 0, 1, , 2 ij y i m j n −   is generated by collocating eq. (24) at ( 1) ( 1) m n + × − points, as:
and the rest of this system is obtained from the boundary condition (5), as in (21). This generates ( 1) ( 1) m n + × + non-linear algebraic equations which can be solved using Newton's iterative method. Consequently , ( , ) m n y x t given in eq. (10) can be calculated.
Numerical examples
In order to clarify the validity and effectiveness of the presented algorithms, the numerical results of three numerical examples are introduced in this section, also comparisons with other numerical methods are made.
Example 1
We consider the FSDE with a non-linear source term studied in [40] 
where the non-linear source term: x y x t t In [40] , the high-order compact finite difference scheme (H-OCFDS) is implemented to solve this problem with various choices of h and τ, where h and τ are space and time step sizes, respectively.
In order to show that the presented method is more accurate than the H-OCFDS, comparisons between the LSCM results and those obtained in [40] are introduced for different values of γ 1 and γ 2 . In tab. 1, we introduce the maximum absolute errors for various choices of , ( = ) m m n and those achieved using the H-OCFDS [40] for different values of γ 1 and γ 2 . From tab. 1, it is clear that the LSCM is more accurate than the H-OCFDS [40] . We consider the following FESDE studied in [44] :
(1, ) = 0, 0 < 1
where the non-linear source term: ( , ) = sin(π ). y x t t x In [44] , the authors used the mixed parameters spline function to get two classes of finite difference methods (FDM) to solve the FRSDE (27) at different values of h, τ, and γ. In tab. 2, we compare results obtained in [44] with those achieved by the LSCM for different choices of γ. From tab. 2, it is clear that the LSCM is more accurate than the FDM [44] . 
Conclusions
In this work, a fast and effective numerical scheme was constructed for highly accurate numerical solution for the FSDE with a non-linear source term. In the proposed approach, in order to approximate the problem and to reduce it to a solution of non-linear algebraic equations, the shifted Legendre polynomials were used as a basis function of the spectral collocation method with the help of the operational matrices of fractional derivative and integral. This approach was used also for a solution of the FRSDE with a non-linear source term. The main advantage of the proposed algorithm is, adding few terms of the shifted Legendre polynomials, a good approximation of the exact solution of the problem is achieved. Comparisons between approximate solutions using the LSCM with the exact solutions of these problems and with those achieved by other methods were introduced to confirm the validity and accuracy of our scheme.
